A consistent quantum theory of polarization squeezed light formation in a inertial nonlinear medium is developed taking into account the response time of electronic Kerr nonlinearity. Stokes parameters are considered and their fluctuations spectra are investigated. It is established that the frequency at which the suppression of quantum fluctuations of Stokes parameters is the greatest can be controlled by adjusting the linear phase difference between pulses. It is shown that by varying both the intensity and the nonlinear phase shift per photon for one pulse one can effectively control the suppression of quantum fluctuations of Stokes parameters.
I. INTRODUCTION
It is known that in a nonlinear medium with Kerr nonlinearity the phenomenon of selfphase modulation (SPM) occurs, which leads to quadrature squeezing with preservation of photon statistics [1] [2] [3] . If two-mode radiation propagates through such a medium, then in addition to the SPM effect, the phenomena of cross-phase modulation (XPM) and parametric interaction can, generally speaking, take place. In the case of a large phase mismatch between modes parametric frequency conversion can be neglected. As SPM and XPM effects do not depend on phase mishmash, they consequently play a dominant role in the nonlinear propagation of two-mode radiation with orthogonal polarization and/or different frequencies.
A correct quantum theory of SPM of USPs in a nonlinear medium with electronic Kerr nonlinearity must account for the finite nonlinear response of the nonlinearity. Such a theory based on the momentum operator of the pulse field has been developed in [4, 5] . In this approach the addition of thermal noise terms to the interaction Hamiltonian is unnecessary (compare with [6] ), the commutation relation for annihilation and creation Bose operators being exactly fulfilled. When the XPM effect is also present, the approach using the momentum operator instead of an interaction Hamiltonian has been successfully applied in [7] .
An interesting aspect of the nonclassical states of light is the polarization quantum state. A quantum analysis of such a state has been developed in [8] [9] [10] [11] , and attention has mainly been focussed on Stokes parameters which are associated with Hermitian Stokes operators. For polarization quantum state, the level of quantum fluctuations of one of the Stokes parameters is smaller than in a coherent state. The polarization state of light is basically used in high-precision polarimetry and ellipsometry. Polarization squeezed light (PS) can be easily generated in cubic anisotropic media where there is an anisotropy of the nonlinear correction to its refractive index [11] .
In the present paper, we analyse the generation of polarization-squeezed states of light in a nonlinear inertial medium with electronic Kerr nonlinearity using elements of the quantum theory of simultaneous SPM-XPM effect developed mainly in [7, 12] . We point out that the quantum theory of SPM-XPM of USPs developed in [7, 12] makes use of the momentum operator for the electric field that is connected with the evolution of field in space (see, for instance, [13] ). This approach allows one to elaborate an algebra of time-dependent Bose operators and to consider the spectra of quantum fluctuations of quadrature components. In this paper we apply the method developed in [7, 12] when considering the quantum fluctuations of Stokes parameters.
The paper is organized as follows.
In section II the quantum theory of combined SPM-XPM effect of USPs in the inertial nonlinear medium with electronic Kerr nonlinearity is briefly presented. Section III deals with the estimation of the average values of Stokes operators. In section V the correlation functions ofŜ 2 andŜ 3 Stokes operators are computed and in section VI their spectra are derived and graphically represented. Section VII closes the paper with some concluding remarks.
II. QUANTUM EQUATIONS FOR SIMULTANEOUS SPM AND XPM OF PULSES
In this section we briefly present the basic elements of the quantum theory developed in [7, 12] for simultaneous SPM and XPM effects in a nonlinear medium with electronic Kerr nonlinearity. These elements are used in the following sections when analysing the quantum properties of polarization-squeezed light.
When accounting for the relaxation properties of the electronic Kerr nonlinearity the SPM and XPM processes are described by the following momentum operators:
where j denotes the pulse number, β j andβ are nonlinear coefficients,N is the operator of normal ordering, H(t) is the function of nonlinear response [H(t) = 0 at t ≥ 0 and H(t) = 0 at t < 0], andn j (t, z) =Â
is the "photon number density" for the pulse #j in the cross-section z of the medium;Â j (t, z) (Â + j (t, z)) being the annihilation (creation) Bose operator.
The nonlinear response function for the electronic Kerr nonlinear could be entered as:
and H(t) = 0 at t < 0. It should be noted that (3) takes place in absence of one-and two-photon and Raman resonances [14] and the theory developed is valid when the carrier frequency of each pulse is off-resonance and the pulse duration τ p is much greater than the relaxation time τ r . If the USP propagates through a fused silica-fiber, then about 80% of the Kerr effect is due to the electronic motion occurring on ∼ 1 fs time scales while about 20% is attributable to the Raman oscillators [15] . Our model is developed for the case when the Kerr effect is basically made by the electronic motion and the nonlinear medium is suggested dispersionless and lossless. The thermal noise is neglected in our approach and the expressions (1), (2) are averaged over the thermal fluctuations [7] . For the pulse #1 the space-evolution equation for the Bose operatorÂ 1 (t, z) reads
is the j-th pulse's "photon number density" operator at the input in the medium (z = 0), and
The expression (4) is written in the moving coordinate system: z = z ′ and t = t ′ − z/u, where t ′ is the running time, u is the group velocity of the pulse in medium. Note that in the quantum description the structure of the nonlinear response (5) is like that of a linear response of a medium in second-order approximation of the dispersion theory (see [5, 14] ).
By solving Eq. (4) for the annihilation and creation Bose operators we obtain:
Similar expressions for the pulse #2 could be derived by changing the indexes 1 ↔ 2. It is worth noting that in our quantum theory the commutation relation
, is preserved without adding noise operators in the interaction Hamiltonian. Here δ j,k is the Kroneker delta; j, k = 1, 2.
The statistical features of pulses at the output of the medium can be evaluated by using the algebra of time-dependent Bose operators developed mainly in [4, 5, 7] . In such algebra the following permutation relations hold:
A 0,j (t 1 )eˆÕ j (t 2 ) = eˆÕ
where
, 2γ j represents the nonlinear phase shift per photon for the j-th pulse, andγ is the nonlinear coupling coefficient. The theorem of normal ordering [4, 5] 
[θ = t/τ r , H j (θ) = iγ j h(θ), h(θ) = τ r h(θτ r )] allows one to estimate the average values of the Bose operators over the initial coherent summary state |α 0 (t) = |α 0;1 (t) ⊗ |α 0;2 (t) :
The parameters φ j (t), µ j (t) are certainly connected with SPM of the j-th pulse and the parametersφ j (t),μ j (t) with the pulses' XPM. The parameters φ j (t) andφ j (t) have the physical meaning of the nonlinear phase additions caused by the SPM and XPM respectively,
The additions µ j (t),μ j (t) defined by the expressions:
appear only in the quantum description, being absent in the classical theory. Here r j (t) is the envelope of j-th pulse so that α 0,j (t) = α 0,j (0)r j (t) and r j (0) = 1, α 0,j (t) being the eigenvalue of annihilation operatorÂ 0,j (t) over the initial coherent state |α 0,j (t) . For pulses of gaussian form r j (t) = exp (−t/ √ 2 τ p ). The theorem (9) allows one to estimate the main values of Bose operators combinations
In (11) and (12) for simplicity we entered the following designations:
where τ = t 2 − t 1 . If the nonlinear response function has the form (3), then
III. ALGEBRA OF STOKES OPERATORS
One way to describe light polarization in classical optics is linked with the theory behind Stokes parameters (see, for instance, [16] ). The polarization state of light can be visualized as a Stokes vector on a Poincarè sphere and is characterized by the four Stokes parameters {S k } k=0,3 . S 0 defines the total intensity of pulse field whereas S 1 , S 2 , S 3 characterize light polarization and form a cartesian system of coordinates. Each point on the sphere corresponds to a definite polarization state, whose variation is characterized by motion of the point on the sphere. As usual, the Stokes parameters could be simultaneously and exactly measured by a set of optical elements, for instance two photodetectors, polarizer and a phase plate [17] .
In classical theory the polarization degree P is introduced in order to describe quantitatively the polarization state of light. It is interpreted as a ratio of the intensity of the polarization part of the radiation I pol to the total intensity I tot and is connected with the Stokes parameters, P = (
1/2 represents the radius of the classical Poincarè sphere. Since for completed polarization light P = 1, for partially polarization light 0 < P < 1.
Let us turn now from the classical description to the quantum one. In quantum theory one introduces the Stokes operators corresponding to the classical Stokes parameters. By measurements one can obtain a set of measurable quantities associated with the Stokes operators. However, the presence of fluctuations results in uncertainty for these characteristics of the light polarization. Thermal fluctuations could be neglected since they can be associated with technical fluctuations, in particular due to the quality of the light polarizer used to produce the polarization state for optical field. If the pulse field propagates through a nonlinear inertial medium the Stokes operators must be entered as follows:
whereÂ j (t, z) andÂ + j (t, z) are given by (6) . Since the operatorŜ 0 is interpreted as the total energy operator, the operatorŜ 1 represents the difference energy operator. Since our nonlinear medium is suggested to be lossless and dispersionless the operatorsŜ 0 andŜ 1 are invariable quantum measures.
In monochromatic two-mode field theory it is shown that Stokes operators obey the SU(2) algebra [18] :
However, if we deal with time dependent operators, then the commutation relations for Stokes operators make sense at different time moments. In our time-dependent quantum theory developed basically for the pulse field, by using the algebra of Bose operators, especially the relations (7), (8) , one can show that the Stokes operators obey specific relations of commutation at any two different time moments t i and t k :
The relations (19)- (25) are more general than (17)- (18) . In addition, we establish that the operatorŜ 0 commutes withŜ 1 andŜ 2 commutes withŜ 3 in usual sense of commutation, at any two different time moments. Other relations of commutation are valid only in the integral sense. In the following we focus our attention onŜ 2 ,Ŝ 3 rather than onŜ 0 ,Ŝ 1 .
IV. AVERAGE VALUES OF STOKES OPERATORS
In quantum optics, the state of polarization may be represented on the Poincarè sphere with coordinates Ŝ 1 (t, z) , Ŝ 2 (t, z) , Ŝ 3 (t, z) . A fluctuation uncertainty can be associated with a particular region of uncertainty in the Stokes parameters S 1,2,3 around their mean values [11, 18] . As a result of the nonlinear propagation the ball-region of uncertainty, specifically for coherent state of light, is transformed to the ellipsoid of the uncertainty for squeezed states. This type of nonclassical polarization state has been called polarizationsqueezed (PS) state [18] .
Using the permutation relations (7), (8) for the average values of the Stokes operators on the total coherent state |α 0 (t) = |α 0,1 (t) ⊗ |α 0,2 (t) we find
where ∆ 1,2 (t) = µ 1 (t)+µ 2 (t)+μ 1 (t)+μ 2 (t),Φ j (t) = Φ j (t)−φ j (t), Φ j (t) = φ j (t)+ϕ j (t); ϕ j (t) is the linear phase of the j-th pulse. The results (27)-(29) are similar to the ones obtained in the two-mode monochromatic field theory of SPM-XPM process, a little difference being present in the quantum exponential addition ∆ 1,2 (t) (compare with [11] ). However, in real situations it could be supposed that ∆ 1,2 (t) ≪ 1. Let us define now the polarization quantum level for two-pulse field as:
Using the permutation relations (7), (8) for the polarization quantum level (30) we get
If we assume that ∆ 1,2 (t) ≪ 1, then P (t, z) = 1. Thus, in this case one can consider that in the nonlinear medium with electronic Kerr nonlinearity the pulse field remains completely polarized. Indeed, a recent study [8, 11, 18] showed the nonlinear behavior of (30) for the nonclassical states of light. The difference of P (t, z) of 1 is shown to be a purely quantum effect in contrast to the traditional interpretation of the light polarization degree as a fixed parameter. Let us note that the quantum fluctuations ofŜ 0 (t, z) andŜ 1 (t, z) can be suppressed to values below the level corresponding to the coherent state, owing to a correlation or anticorrelation among the photons in the two pulse fields. Such a situation is obtained, for example, in the parametric processes and four-wave mixing [19] , as well as for other schemes of multiwave scattering [20] , where correlated photons are created in pair. When analysing the formation of PS light by SPM-XPM of USPs in assumption that there is no energy exchange between pulses or this energy exchange is so low that it could be neglected, one can restrict the analysis only toŜ 2 andŜ 3 . In the following sections such analysis is provided.
V. CORRELATION FUNCTIONS OF STOKES PARAMETERS
Let us enter now the normally ordered correlation functions ofŜ 2 (t, z) andŜ 3 (t, z) as:
The analysis of these correlation functions requires at first the evaluation of the correlators
By using the relations (7) and (8) for the correlators C S 2 (t 1 , t 2 ) and C S 3 (t 1 , t 2 ) one obtains
where we used in (34) and (35) the following notation:
As a result, for the correlation functions of Stokes parameters we have:
To get (40) and (41) the γ j ,γ ≪ 1 approximations have been used.
VI. SPECTRUM OF QUANTUM FLUCTUATIONS OF STOKES PARAMETERS
The spectral densities of quantum fluctuations of Stokes parameters could be evaluated by using the Wiener-Khintchine theorem:
Accounting for a low change of the envelope during the relaxation time one obtains:
. Eqs. (43), (44) are in agreement with the Heisenberg uncertainty relation, the spectrum S S 3 (ω, t) being shifted on phase π/2 in comparison with S S 2 (ω, t). The spectral densities (43), (44) quasistatically change with time.
At equal phase shifts per photon in both pulses γ 1 = γ 2 = γ and different pulses intensitiesn 0,1 (t) =n 0,2 (t) the instantaneous spectra (43) and (44) are:
In (45) the equality with 0 is achieved for ∆ϕ(t) = 2(γ 2 −γ 2 )[n 0,2 (t) −n 0,1 (t)]. From (45) and (46) it follows that, at ∆ϕ(t) = 0, ifn 0,2 (t) increases in comparison withn 0,1 (t), then S S 2 (ω, t) increases while S S 3 (ω, t) decreases. Therefore, by varying the intensity of one pulse in comparison with that of another pulse one can control the fluctuation spectra (45) and (46). However, the presented above method for the control of the fluctuations spectra is less important in the case under discussion as no suppression could be achieved for any arrangements of parameters in (45) and (46).
On the other hand, at ∆ϕ(t) = 0, equal nonlinear photon shifts per photon γ 1 = γ 2 = γ and equal pulses intensitiesn 0,1 (t) =n 0,2 (t), from (45) and (46) it follows that S S 2 (ω, t) = 0 and S S 3 (ω, t) = 32n
Let us remind that the case when the nonlinear photon shifts per photon are equal for both pulses and pulses intensities are different, the spectra of quantum fluctuations of quadrature components are considered in [7] . It is shown in [7] that, by changing the intensity of the control pulse in comparison with that of the investigated pulse, one can manipulate the fluctuations spectrum of quadrature components for the investigated pulse.
There is an optimal linear phase difference between pulses ∆ϕ(t) opt = ϕ 2 (t) − ϕ 1 (t) at the reduced frequency Ω 0 = ω 0 τ r for which the spectra (43) and (44) reach the minimum and the maximum value, respectively:
When the linear phase difference between pulses is chosen optimal ∆ϕ(t) = ∆ϕ(t) opt the spectra S 2 (Ω 0 , z) and S 3 (Ω 0 , z) become:
At any value of the reduced frequency Ω = ωτ r , the spectra (43) and (44) have the form:
Let us define the spectrum normalized on maximum photon numbern 0,1 =n 0,1 (t = 0) as:
For the cases when the linear phase difference ∆ϕ(t) is chosen optimal at frequencies Ω 0 = 0 (ω 0 = 0) and Ω 0 = 1 (ω 0 = 1/τ r ) the normalized spectrum S * S 2
(Ω, t) at the time moments t = 0 [φ 0,1 = φ 1 (0)], γ 1 = γ 2 /4 = 2γ,n 0,2 =n 0,2 (0) =n 0,1 , are presented in Fig. 1 and Fig. 2, respectively. From Fig. 1 it follows that for Ω 0 = 0 the spectral density S * S 2 (Ω, t) is minimal at frequency Ω = 0 for any nonlinear phases φ 0,1 > 0. For Ω 0 = 0 (see Fig. 2 ) and phases φ 0,1 > 0 the minimum of the fluctuation spectrum ofŜ 2 lies at frequencies Ω ∼ 1 (ω ∼ 1/τ r ), and for φ 0,1 < 0 the minimum lies near Ω = 0 (ω = 0). Therefore, by varying the linear phase difference between pulses one can control the spectral density of quantum fluctuations of Stokes parameters. This method of varying the linear phase difference allows us to suppress the quantum fluctuations in one of the Stokes parameters,Ŝ 2 orŜ 3 , at the frequency of interest to us (see Fig. 2 ).
It should be noted that in a recent experiment [21] , by calibrating the linear phase difference between two beams, the simultaneous squeezing at a level greater than 3 dB of the three parametersŜ 0 ,Ŝ 1 ,Ŝ 3 was realized. The polarization squeezed beam was produced in [21] by mixing two quadrature squeezed beams on a polarized beam splitter. The measured variance spectra of quantum noise onŜ 3 normalized to shot-noise for locked amplitude squeezed input beams obtained in [21] are similar with the spectra obtained here by theoretical computations in the area of low frequencies (compare with Fig. 2 at φ 0,1 > 1) . Since at simultaneous measurements the suppression of the quantum fluctuations ofŜ 3 below the short-noise level was observed, the measured spectrum ofŜ 2 was higher than this level. This result is not surprising as the spectra ofŜ 2 andŜ 3 are shifted in phase with π/2 [see (43), (44)].
Let us investigate now the spectrum S * S 2
(Ω, t) when we choose the linear phase difference between pulses optimal at given reduced frequency Ω 0 and change the intensity of one pulse (Ω, t) as a function of the maximum nonlinear phase addition φ 0,1 at the reduced frequency Ω = 0 for initial phase difference ∆ϕ(t) optimal at Ω 0 = 0. Curves are calculated for time moment t = 0, γ 1 = γ 2 /4 = 2γ, and corresponds ton 0,2 =n 0,1 /4 (a),
in comparison with the intensity of another one that is considered fixed. The dependence of spectrum S * S 2
(Ω, t) on the maximum nonlinear phase addition φ 0,1 in the case Ω 0 = 0 at the momentum of time t = 0 is displayed in Fig. 3 . From Fig. 3 it follows that the higher the control pulse's intensity, the lower the fluctuations level of the spectrum. One can see that at higher values of control pulse's intensity the spectra are practically the same.
In case the linear phase difference between pulses is chosen optimal at the reduced frequency Ω 0 = 1 and the pulses intensities are different, the corresponding spectra dependence on the maximum nonlinear phase addition φ 0,1 is displayed in Fig. 4 . One can see from Fig.  4 that when the intensity of the second pulse increase in comparison with that of the first pulse the maximal suppression is realized basically in the domain φ 0,1 ≪ 1.
The normalized spectra S * S 2 (Ω, t) for the cases Ω 0 = 0 and Ω 0 = 1 at fixed maximal nonlinear phase addition φ 0,1 are presented in Fig. 5 and Fig. 6 , respectively. From Fig. 5 it follows that by increasing the intensity of the control pulse, at the phase difference ∆ϕ(t) chosen optimal at the reduced frequency Ω 0 = 0, the fluctuations spectra reach a minimal value at Ω = 0 (ω = 0), and the suppression of quantum fluctuations takes place at all frequencies. In case the phase difference between pulses is chosen optimal at Ω 0 = 1, then the maximal suppression of quantum fluctuations ofŜ 2 is reached at Ω = 1 (ω = 1/τ r ) (see Fig. 6 ). But in the area of low frequencies the level of squeezing decreases rapidly and becomes practically zero when the intensity of the control pulse becomes larger in comparison with the intensity of the investigated one. Hence, by changing the intensity of the second (control) pulse in comparison with the intensity of the first pulse one can effectively control the suppression of quantum fluctuations of Stokes parameters.
A more valuable method to squeeze the quantum fluctuations ofŜ 2 parameter is represented by the increase of the nonlinear coefficient γ 2 in comparison with γ 1 at the same (Ω, t) at maximum nonlinear phase addition φ 0,1 = 2 for initial phase difference ∆ϕ(t) optimal at Ω 0 = 0. Curves are calculated for time moment t = 0, γ 1 = γ 2 /4 = 2γ, and corresponds ton 0,2 =n 0,1 /4 (a),n 0,2 =n 0,1 /2 (b),n 0,2 =n 0,1 (c),n 0,2 = 3n 0,1 (d). intensities of pulses. The nonlinear coefficient γ 1 and the coefficient of nonlinear coupling γ are supposed to be constants. The dependence of S * S 2
(Ω, t) upon the maximum nonlinear phase addition φ 0,1 for different relations between nonlinear coefficients γ 1 and γ 2 is displayed in Fig. 7 and Fig. 8, respectively. From Fig. 7 it follows that, at the linear phase difference between pulses chosen optimal at the reduced frequency Ω 0 = 0, the fluctuations suppression of theŜ 2 at the frequency Ω increases when the nonlinear coefficient γ 2 also increases in comparison with the γ 1 . In case the linear phase difference between pulses is chosen optimal at higher frequency Ω 0 = 1, the fluctuations suppression of theŜ 2 parameter is produced essentially in the domain φ 0,1 ≪ 1 (see Fig. 8 ).
In Figs. 9, 10 the fluctuations spectrum S * S 2
(Ω, t) at fixed nonlinear phase addition φ 0,1 = 2 is presented at different relations between nonlinear coefficients γ 1 and γ 2 when the linear phase difference is chosen optimal at frequency Ω 0 = 0 and Ω 0 = 1, respectively. From Figs. 9, 10 one can see that just a little increase of the γ 2 in comparison with γ 1 is able to produce a significant suppression of quantum fluctuations ofŜ 2 at both low and high frequencies.
VII. CONCLUSION
A consistent quantum theory of polarization squeezed light formation in a nonlinear inertial medium with electronic Kerr nonlinearity is developed. Into account is taken the finite response time of nonlinearity. The correlation functions of Stokes parameters are presented and spectra of Stokes parameters are computed and represented graphically.
It is shown that the spectral distribution of the Stokes parameters depends on the relaxation time of nonlinearity and quasistatically changes with the pulses envelopes.
It is established the optimal strategy for obtaining the spectra with form of interest to us. There are presented three new methods to control the polarization-squeezed light spectra (Ω, t) as a function of the maximum nonlinear phase φ 0,1 at the reduced frequency Ω = 0 for initial phase difference ∆ϕ(t) optimal at Ω 0 = 0. Curves are calculated for time moment t = 0,n 0,1 =n 0,2 ,γ = γ 1 /2 and correspond to γ 2 = 2γ 1 (a), γ 2 = 3γ 1 (b), γ 2 = 4γ 1 (c), γ 2 = 5γ 1 (d), γ 2 = 6γ 1 (e), γ 2 = 7γ 1 (f). (Ω, t) at φ 0,1 = 2 for initial phase difference ∆ϕ(t) chosen optimal at Ω 0 = 0. Curves are calculated for time moment t = 0,n 0,1 =n 0,2 ,γ = γ 1 /2 and correspond to γ 2 = 2γ 1 (a), γ 2 = 3γ 1 (b), γ 2 = 4γ 1 (c), γ 2 = 5γ 1 (d), γ 2 = 6γ 1 (e), γ 2 = 7γ 1 (f). a) By adjusting the linear phase difference between pulses the maximum suppression of quantum fluctuations ofŜ 2 orŜ 3 could be realized at the spectral component of interest. This spectral component can lie on the wing of the spectral response of nonlinearity (see Fig. 2 ).
b) The increase of the intensity of one pulse could be efficiently employed to suppress the quantum fluctuations ofŜ 2 orŜ 3 .
c) When one nonlinear coefficient increase in comparison with another one at equal pulses intensities, a substantial suppression of quantum fluctuations of Stokes parametersŜ 2 orŜ 3 could be produced.
All methods enumerated above could be employed in experiments to obtain the required level of squeezing of quantum fluctuations ofŜ 2 orŜ 3 . The results presented in this paper can also be used for a correct statement of the experiments on producing polarization squeezed USPs and correct interpretation of their results.
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